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Abstract 



> 

u 

r~| . A proper or singular abelian mapping from C" to C" is parametrized by 

I n meromorphic functions with at most 2n periods. We develop the existence 

and structure theorems of the classical theory of an abelian mapping purely 
on the basis of its defining functional equation, the so-called algebraic addition 
theorem (AAT), with no appeal to any representation as quotients of theta 
^ ' functions. We offer two new proofs of the periodicity of a nonrational mapping 

. admitting an AAT. We also prove by new arguments the existence of a rational 

^ , group law on an associated algebraic variety, and that all proper and singular 

' abelian mappings do admit an AAT. 

o ■ 

> 

^ ' Weierstrass |T9| proposed the problem of determining all meromorphic mappings 
$: ^ C of complex n-space C" into complex Osgood space C (the cartesian 
product of n Riemann spheres) that admit an algebraic addition theorem (AAT). He 
^ ■ announced the solution to be the set of all proper or singular abelian mappings, i.e., 
. those mappings 

$(u) := (vPi(w),...,(/?„(n)), wgC", 
where (pi{u), . . . , (pn{u) are proper or singular abelian functions. Fifteen years later. 



1 Introduction 



Painleve ^ proved him right for the case n = 2, and in 1948 and 1954 Severi |]12 
proved the general case. 

In this paper, we obtain the fundamental properties of structure, periodicity and 
the group action of such a mapping, purely on the basis of its defining functional equa- 
tion, the so-called AAT, without ever using their explicit representation as quotients 
of theta functions, which all previous proofs have used. 

We achieve this by generalizing arguments originally designed for elliptic func- 
tions: our means for doing so is the Weierstrass-Hurwitz theorem that an everywhere 
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meromorphic function of n complex variables is rational. It does not seem to have 
been noticed that this is possible. 

Finally, wc prove that all abelian mappings do in fact admit an AAT, by means of 
a general principle of algebraic dependence of meromorphic functions, the so-called 
Weierstr ass-Thimm-Siegel theorem . 

In Section 2 we explicitly state the results we will prove; subsequent sections 
contain the proofs. Section 3 is devoted to the algebraic dependence of the component 
functions and their first derivatives. In the following section, we construct the addition 
theorem variety, of which elliptic curves, hyperelliptic surfaces and Picard varieties 
are particular instances. Section 5 contains two new proofs that an abelian mapping 
is either rational or periodic, as well as a vivid interpretation of what periodicity is. 
In Section 6, we give a proof the addition theorem can be expressed rationally in 
terms of n + 1 meromorphic functions on the addition theorem variety. In the next 
section, we use this rational addition theorem to define an abelian group law on this 
variety, which is the starting point of the modern theory of abelian varieties. 

Finally, in Section 8, we give a direct proof that all abelian mappings admit an 
algebraic addition theorem; therefore, all the previous results are applicable to such 
mappings. We emphasize that we assume only that our mapping is meromorphic 
and admits an AAT, and then obtain as a theorem the classical definition, that it is 
parameterized by rational or periodic functions with at most 2n periods. 

2 Statement of results 

We begin with the following fundamental definition. Let ipi{u), . . . , <^„(w) be n ana- 
lytically independent meromorphic functions on C". They define a meromorphic 
mappmg $: C" ^ C where 

Definition 1. We say that $ admits an algebraic addition theorem (AAT) if 

and only if there exist n polynomials 

Gk = Gk{X; xi, . . . ,Xn,yi, . . . ,yn), A; = 1, . . . , n, 

in {2n + 1) variables A and xi, . . . ,Xn and yi, . . . , y„ with complex coefficients, such 
that the equations 

Gk{ipk(u + v);ipi{u),...,ipn(u),(pi(v),...,ipn(v)} ^0, k^l,...,n (2.1) 
hold, and none of the denominators vanish identically in u and v. 

In this paper, we prove the following fundamental properties of the mapping $ 
purely on the basis of the AAT, without making use of the results of Weierstrass, 
Painleve and Severi on its explicit analytic form. 
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Theorem 1. (a) Any {n + 1) of the {ri^ + n) functions 

ipi{u),. . .,ipn{u), and ^(w), k,p=l,...,n, 

OUp 

are algebraically dependent. 

(b) Any function ipk{u) is algebraically dependent on its n partial derivatives 
of first order, dip^/ dup{u) , p = 1, . . . ,n. 

(c) Any one of the first-order partial derivatives d(fk/dup{u) {k,p = 
1, . . . ,n) is algebraically dependent on the n original functions (pi{u), . . . , y9„('u). 

Theorem 2. The v? partial derivatives dLp^jdupiu), for k,p = 1, . . . ,n, generate a 
simple algebraic extension T of the field of rational functions of(fi{u), . . . ,ifn{u) 
with complex coefficients. The minimal polynomial V{6; Xi, . . . , x„) of this extension 
is satisfied by 

n 

xi := V5i(w), • • • , Xn:= ^n{u), d ■.= y^ akp^:—{u), 

^ dup 

k,p=l ^ 

where, for suitable atp G C, the function 9 is a primitive element of J-". Thus 

V{e{u); ipi{u),..., (pn{u)} = 0. 

Definition 2. The hypersurface in C"^^ defined by 

Vie;xi,...,Xn) = (2.2) 
is called the addition theorem variety A. 

Theorem 3. Any generator (fi, . . . ,ipn of J-" that is not rational is periodic. 

Theorem 4 (Rational form of the AAT). Let it G and v & be two indepen- 
dent variables and let 6,(fi, . . . ,(fn generate the addition theorem variety A. Then 
there exist {n + 1) rational functions 

Rk{xo, xi, . . . ,Xn]yo,yi, . . . ,yn), k = 0,...,n 

of {2n + 2) variables xo, ■ ■ ■ , Xn, yo, ■ ■ ■ ,yn with constant coefficients, such that the 
equations 

ipk{u + V) = Rk{9{u), (pi{u), (Pn{u)] 9{v), ipi{v), iPniv)} 

for k = 0,1, . . . ,n hold, and none of the denominators vanish identically in u and v. 

Theorem 5. The rational addition theorem (Theorem^ defines an abelian group 
law on the addition theorem variety A. 

Theorem 6. Every proper or singular abelian mapping admits an algebraic addition 
theorem. 
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3 Algebraic dependence of first order derivatives 

Theorem [l|a is the general result, while parts 03 and |l]c are immediate corollaries. 
We prove this theorem by means of an explicit elimination process which amounts 
to a finite algorithm that uses only rational operations. Painleve obtains related 
results by a completely different procedure that involves the reversion of infinite series, 
something which our algorithm avoids completely, and he does not obtain the general 
principle stated in Theorem [^a. 

Theorems |l]b and |l]c are well-known properties of the abelian functions, but our 
proof shows that any meromorphic mapping that has an AAT enjoys these two prop- 
erties, and that the AAT is the primordial reason for that. Thus, all rational mappings 
have these properties, since they admit an AAT. 

Proof of Theorem The AAT for the mapping $ can be rewritten as 

GklMu + v); ^u), ^v)] = 0, A; = 1, . . . , n, (3.1) 

where G'i(Ai; x,y) ^ 0, . . . , Gn{Xn', x,y) ^ are polynomials in the 2n + 1 variables 
X = (xi, . ..,Xn), y = {yi, ■■■,yn) and A^. Differentiating 

Gi[Mu + vy,^u),^v)] = Q (3.2) 

with respect to Ui and then vi, we get 

dG^dXi^^dGidxk_ ^ ^ 
dXi dui ^ dxk dui 

k=l 

dChdXi _^^dChdyk_ ^ ^ 

•^-^i "^^i fit ^'"^ 

dXi d(pi{u + v) d(pi{u + v) d(pi{u + v) dXi 
dui dui d{ui + vi) dvi dvi 

Therefore, subtracting (p.4[) from (|37^) and using (|3.5|), we arrive at 



Now 



(3.5) 



k=l 



dxk dui dyk dvi 



whose left hand side is a polynomial in the variables xi, . . . , Xn, yi, . . . , y-n, dxi/dui, 
. . . , dxn/dui, dyi/dvi, . . . , dyn/dvi and Ai. If we take the greatest common divisor 
of (p. 6]) and the AAT (|3.2|), we obtain an equation of the form 



dxi dxn dyi dyn\ „ 

gii Ai; Xi, . . . , Xn, t;—, . . . , ^— , • • • , yn, t;—, tt- = 0, 

V OUi OUi OVi OVi / 



and the remainder, set equal to zero, is the eliminant: 

dxi dxn dyi dy„ 



nj ) • • • 5 <-) ; HI-} • • • } if llj 5 • • • ) rx 

OUi OUi OVi OVi 
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0. 



If we now differentiate ( p.6|) with respect to Up and then Vp for p = 2, 
get the greatest common divisors 

(. dxi dxn dyi dyn\ _ „ 

gip[ Ai; xi, . . . , x„, 7- — , . . . , — — , 1/1, ... , Un, 7^ — ) • • • 5 — j — U 

V OUp OUp OVp OVp/ 

and the ehminants 



rr ( ^ ^ ^ ^yn\ _ p, 

-Hip I a^l, . . . , Xfii rN 5 • • • 5 r% 5 l/l 5 • • • 5 r% ) U. 

We now apply the same process to the AATs G2 = 0, Gs = 0, . . . , G„ = 0. Then we 
get a total of greatest common divisors 

dxi dxn dyi 



/ _ dxi dXn oyi dyn\ 

V awp aup OVp OVp/ 

and eliminant equations: 



rr ( ^ ^ ^ 

-"fcp I ^1; . . . ; ^n; r% 5 • • • 5 o i Uli • • ■ i Uni r% )•••)<-, ) 

V OUr, OU„ OVr, OV„ / 



0, 



Ap L/U,p L/t/p WUp/ 



for = 1, . . . ,?T,. We observe that each polynomial gkp and Hkp is symmetric in 
{xi,yi), (a;„,?/„), {dxi/dup,dyi/dvp), {dxn/dup,dyn/dvp) as a consequence 
of the AAT ( |3.1| ) and the symmetry of {u + v) in u and v. 

If we suitably fix the variable the eliminant equations become 

/ dx^ dx^i \ 

/ifcp(^a;i, ... ,x„, -^j = 0, fc,p = l,...,n, (3.7) 

where hkp is a polynomial in the 2n variables dxi/dup, . . . ,dxn/dup. 

Therefore the equations (|3.7| ) relate the n + n"^ variables dxk/dup 
{k,p = 1, . . . ,n), and we can eliminate any (n^ — 1) of them, leaving the remain- 
ing (n + 1) of them as algebraically dependent. This proves Theorem ^ □ 



4 The addition theorem variety 

Theorem ^ reveals the origin of elliptic curves, elliptic hypersurfaces, . . . , abelian 
varieties. They are all manifestations of the addition theorem variety A, generated 
by the partial; derivatives d(pk/dup{u) {k,p = 1, . . . ,n) over the field of rational 
functions of (pi{u), . . . ,ipn{u). Painleve also arrives at A, although in not quite 
so explicit a form, and from a slightly different point of view. He transforms the 
equations for the first order partial derivatives into a system of total (algebraic) 
differential equations 

dUi = Pii{Xi,...,Xn)dXi-\ \-pin{Xi,. . . ,Xn)dXn, 

dUn = p„l(Xi,...,X„)rfXi H \-pnniXi,...,Xn)dXn, (4.1) 
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where Xi 



V9i(n), Xn = ipn{u), and 



dui 



1 dJ 

J dzii 



= 1,... 



n) 



Pij : 



dxi 



where Zij := difi/ duj{u) and J is the determinant of the Jacobian matrix [zij], 
i,j = l,...,n. (We have ahered Painleve's notation to conform with ours, and 
have considered the case of general n, instead of n = 2 as he does.) Now he states: 

". . . as is well known, one may rationally express [the algebraic irra- 
tionalities] Pij{xi, . . . , Xn) in terms of Xi, . . . , x„ and a unique irrationality 
9{xi, . . . , Xn) defined by means of an algebraic relation 



which is such that conversely, 6 is rationally expressible in xi, . . . , x„, pij 
= 1, . . . ,n). Since p or dui/dxi is rationally deducible from dui/dxj 
{i,j = l,...,n), as also are [all the other] pij, the function 6{u) is uniform 
and meromorphic at the same time as Xi{u), . . . ,Xn{u) p, §7]." 

He never explicitly constructs 9 as X]fcp=i "^fcp-^fcp with akp G C, which is crucial 
for our further development of the theory. His entire approach is based on the sys- 
tem ( [4.1|) on the addition theorem variety A, which he calls "the algebraic surface 
parametrized by the functions xi, . . . , Xn" ■ 

Proof of Theorem ^. This is an immediate consequence of elementary field theory, the 
primitive element theorem [^ p. 243] and Theorem |I|c, the corollary that every first- 
order partial derivative dipk/ dup{u) is algebraically dependent on V5i(tt), . . . 



5 Periodicity 

We present two proofs that the mapping $ is periodic. Our proofs are based on the 
Weierstrass-Hurwitz theorem that a meromorphic function in C with no essential 
singularities is a rational function of all its variables, and vice versa; and on a weak 
form of Picard's theorem on the behaviour of an analytic function of one variable in 
the vicinity of an isolated essential singularity. Both proofs show that the "cause" or 
"explanation" of the existence of a period p 7^ of the meromorphic mapping $ is 
the simultaneous occurrence of two antithetical properties of $: 

• the wild chaotic dispersion of values of $ in the neighbourhood of the essential 
singularity at infinity (an "irresistible force"); 

• the rigid unyielding restriction on the values of $(u) imposed by the polynomial 
form of the AAT (an "immovable object"). 



S{e;xi, . . . ,x„) = 0, 



□ 
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The mathematical resolution of this ancient philosophical conundrum is this: the so- 
lution set u G of the equation $('u) = x, x & C fixed, is a discrete k-dimensional 
real lattice, < k < 2n. This beautiful interpretation of periodicity is due, in princi- 
ple, to Weierstrass for the case of functions of one variable. 

Painleve ^ also proves that $ is periodic. But his proof is totally different. He 
starts from the system ( [4.1|) of total (algebraic) differential equations and shows that 
Ml, . . . ,Un are line integrals on A of the first, second or third kinds. Then the topology 
of A shows that its fundamental group is generated hj k < 2n linearly independent 
cycles. Our proofs, on the other hand, avoid the topology of A and the theory of 
line integrals on A, and work directly with the polynomials of the AAT and the 
singularities of $ at infinity. 

Definition 3. Let $ be the meromorphic mapping 

<^:C^ ^C^ : u ^ {^^{u), . . . ,^r^{u)) 

defined by the n meromorphic functions (pi, . . . , ipn- We say that $ is periodic if and 
only if there exists a nonzero p G C" such that 

$(u + p) = 

for all u G where $ is defined. The vector p is called a period of $. 

We shall present two proofs of Theorem |^ that are based on the existence of 
an essential singularity plane at infinity of at least one of the component functions 
ipi{u), . . . , ipn{u). The first proof is direct, while the second uses an important suffi- 
cient condition for periodicity. 



5.1 Picard's "tiny" theorem 

Picard's "great" theorem affirms that if a meromorphic function (p{n) of one complex 
variable u has an essential singularity at infinity, then for any choice of complex 
number c (with at most two exceptions), the solution set of the equation ip{u) = c 
is an infinite discrete set on the complex w-plane. In his lectures, Weierstrass proved 
the following "tiny" version at least twenty years before Picard: 

Theorem 7. Suppose that the function f{u) has an isolated singularity at the point 
u = a. Let c be an arbitrary complex constant and let \w — c\ < h be an arbitrarily 
small neighbourhood of the point c. Then there exists a point c' in this neighbourhood 
such that the equation (f{u) = c' has infinitely many roots which accumulate onto the 
point a. 

The elegant elementary proof can be found in Hancock |Q, Osgood [0 and Phrag- 
men fllOf . 
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5.2 The solution set = a 

The analytic hypersurface Sa defined by the vector equation 

$(n) = a, a G C" fixed, 

is a comphcated set of points. However, we are interested in a very elementary 
property of Sa- 

Theorem 8. Suppose that $(n) is not a rational mapping, i.e., that at least one of 
the coordinate functions (fkiu) (k = 1, . . . ,n) is transcendental. Suppose further that 
$ is holomorphic at the point u = a and that <l>(w) = a. Then the set Sa contains 
infinitely many distinct points that accumulate on at least one plane at infinity. 

Proof. We assume that the Jacobian determinant is nonzero in a neighbourhood of 
u = a := (oi, . . . , ttn)- Then the set of equations becomes 

V9i(n) = ai, ^2{u) = 02, ... ^n{u) = On- 

Suppose that (pn{u) is transcendental; then it is not a rational function of ui, . . . , m„. 
Now the Weierstrass-Hurwitz theorem states that is rational in u if and 

only if it has no essential singularities in C . But ipn{u)^ being transcendental, does 
have essential singularities; however, it is meromorphic in all of C". Therefore it has 
at least one plane at infinity as an essential singularity surface. Suppose that plane 

is Un = OO. 

We now revert the equations 

(pi{u) = ai, ... ipn~i{u) = an-i 

to get 

Ui = Fi{Un), U2 = F2{Un), ■ ■ ■ M„-l = (5.1) 

and substitute these expansions into ipn{u) = a„, to get an equation of the form 

ipn{Fl{Un), . . . , Fn-l{Un) , Un} = a„, 

or Fn{un) = an (say), which is a meromorphic function in finite C with an essential 
singularity at infinity. Therefore, by Picard's theorem, there is an infinity of values 

Un = ao,Vi,V2, . . . ,ffc, . . . 

which are distinct roots of Fn{un) = an and accumulate on Un = oo. Any one of these, 
say Un = v', when substituted into ( |5.1| ) will give values Uj = Vj (j = 1, ... ,n — 1) 
such that 

V9i(fi, . . . , Vn-1, V') = ai, (pn-l{Vl, . . . , Wn-1, v') = a„_i, . . . ipn{vi, . . . , Vn-1, v') = an- 

Thus, as Un = v' runs through the infinitely many roots of Fn{un) = an, the points 
(fi, . . . , f„_i, v') run through infinitely many values that satisfy = a and accu- 
mulate on u„ = oo. □ 
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5.3 First proof of periodicity 

Proof of Theorem |^. The AAT for a particular := ipk has the form 

G\'^{u + v);^{u),^{v)]=Q. (5.2) 

Let C2 := ^{v) for some v G C". Then, by Theorem ^, 

V ■.= {ve€" : ^v) = C2 } 

contains infinitely many distinct elements Vi,V2, . . . that accumulate on at least one 
of the planes at infinity. Let m be the degree of G in the first variable (p{u + v) and 
choose m + 1 values of v^. We assume that we choose u G C" such that 

are nonsingular points of $; this we can do since there are only a finite number of 
the Vj;. Then, if 

Ci := (5.3) 

the equation (|5.2| ) becomes 

G[ip{u + Vk);ci,C2\ = 0, 
which is an algebraic equation of degree m whose roots are the m + 1 numbers 

and so at least two are equal: 

(p{u + Vk) = (p{u + vi). (5.4) 

This holds for any w in a neighbourhood of the original one. Moreover, since is 
holomorphic in a neighbourhood of u and $ is holomorphic in the translated points 
u + Vk, then $ is holomorphic in a neighbourhood of each u + Vk and we can take 
each such neighbourhood to be the translate of a sufficiently small neighbourhood 
of u. For each u, we get a different Ci in ( ^.3|) , and so a possibly different pair v^. 
and vi in ( |5.4| ). But there are only (m + 1)^ pairs {vk,Vi) available, so there is an 
entire neighbourhood of values of u in which ( ^.4|) holds for the same pair {vk,vi). 
This means that 

(p{u + Vk) = (f{u + Vi) 

identically; or equivalently, ip{u + Vk — Vi) = ipi^u), and so — is a period of ip. □ 
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5.4 Second proof of periodicity 
5.4.1 The algebraic differential equations 

The periodicity of at least one of the functions {pi{u) , . . . , ipn{u) depends on the 
existence of algebraic differential equations of the first order. In Theorem |I]c we 
proved that each one of the first-order partial derivatives d(fk/dup{u) {k,p = 
1, . . . ,n) is algebraically dependent on these n original functions; that is, there exist 
polynomials Pkp{zo; zi, . . . , Zn) in the (n + 1) variables zq, -^i, • • • , with complex 
coefficients such that the following relations hold identically: 




Theorem 9. Suppose that the analytically independent functions ipi, . . . ,(pn admit an 
A AT. Then the partial derivatives of orders two and beyond are uniquely determined 
as rational functions of the first- order partial derivatives dipk/dup {k,p = 1, . . . , n). 



Proof. By Theorem |l|c, there exist polynomials Pkp{zo; zi, . . . ,Zn) satisfying (|5.5|) . 



Let us abbreviate Pkp,i = dPkp/dzi for i = 0, 1, . . . ,n. Differentiating the equations 
Pkp = with respect to Ug, we obtain 

^Vfc 1 f dip, dipn\ 

.^kp,iTr- + --- + Pkp,n^ . (5.b) 



dUpdUq Pkpfl V dUq dUg 

It is obvious how to continue to derivatives of higher order. Therfore, all partial 
derivatives of the Pkp, i.e., all the Pkp,i, all the Pkp,ij = d'^Pkp/dzidzj, and so on, are 
polynomials in ipi, . . . ,ipn and dipi/dug {i,q = 1, . . . , n) whose coefficients are complex 
constants. □ 



5.4.2 A sufficient condition for periodicity 

The following theorem generalizes to n complex variables a sufficient condition for 
periodicity first stated and proved (in lectures) by Weierstrass. As we shall see, it is 
an essential element in the theory of functions that admit an AAT. 

Recall that the derivative $'(it) of the mapping $ is the n x n Jacobian matrix 
whose (/c,p)-entry is the partial derivative d(pk/ dup{u). 

Theorem 10. Suppose that the meromorphic mapping $ admits an AAT. If there 
exist two distinct points a G C" and 6 G C" such that 

$(a) = $(b) and $'(«) = $'(6), (5.7) 

and if each Pkp.o 7^ 0, then the mapping $ is periodic with period p := a — b. 
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Proof. By assumption, ipi{u), . . . , ifn{u) are holomorphic in a neighbourhood of both 
a and b. By Taylor's theorem, 

(^fc(u + a) = '^k{a) + ^-^{a)up + -^-^;^^^{a)upUq + --- (5.8) 

p=l ^ ^ ^ 

p=i ^ p,<?=i ^ 

Using the notation 

and obvious extensions to higher derivatives, the equations (|0| ) become 

n 1 " 

(Pk{u + a) = Ofc + ^ afc,p + - ^ «fc,pg H (5.10) 



2 

p=l p,q=l 



n 1 " 

^k,p Up ~l~ „ ^/3fc,pqMpMgH (5.11) 



2 

p=i p,ij=i 



But by Theorem |^ and the assumption ( p.7|) , all the higher partial derivatives of 
ipi, . . . ,iPn are uniquely determined by the values of the and the ak^p] which means 



[and here we use Pkp,o 7^ 0, when plugging in (|5.6| )]: 

C^k,pq f^k,pqj (^k,pqr Pk,pqri ■ ■ ■ ^11 Qi^i ■ ■ ■ 

and therefore the two expansions ( ^.11|) are identical. This means that the equation 



$(u + a) = $(w + b) 

holds identically in -u, which implies that $(u + a — b) = ^{u), and that therefore 
p := a — 6 is a period vector. □ 

5.4.3 Completion of the proof 

Second proof of Theorem |^. We assume that y)i(it), . . . , ipn{u) are n analytically in- 
dependent meromorphic functions that admit an AAT. Moreover, we assume that 
(/?„('") is not a rational function of u. We know the set = { w G C" : $(tt) = a } 
contains an infinite number of points Vk such that Vkn — > oo as — > oo. 

We now apply a Dirichlet pigeon-hole principle argument to the n^-tuples of values 
dipkl dupiu) {k,p = 1, . . . ,n) as u runs over the points Vk G Sa- Each such function 
value is a root of the algebraic equations 



P, 



^^(£k_ 

V dup 



(■u);ai,...,a„j = 0, (A;,p = 1, . . . , n). 
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of respective degrees m^p in the first variables d(pk/dup. Tlierefore, tlie maximum 
number of distinct n^-tuples is the product nfcp=i'^fcp < oo. Therefore, as u runs 
over the infinite set of pairs {vfc}, there is an infinite subsequence 61, 62, . . . , b,., . . . 
in Sa such that 

^(&i) = ^(^2) = ■ ■ ■ for each A;,p = 1, . . . , n. 

These equations more than fulfil the sufficient conditions of Theorem |10| for to 
be periodic with the period vector p = 61 — 62- Thus we have proved that is a 
periodic function. □ 



6 The rational addition theorem 

The only published proof of the rational form of the AAT (Theorem is due to 
Siegel |I6| , pp. 94-96], and is only for the case in which ipi{u)^ . . . ,(fn{u) are n in- 
dependent abelian functions. We shall adapt it to the case of any mapping $ with 
an AAT. Let (p be any one of the (pk- Then Siegel's proof consists of the following 
steps: 

(i) Let be the field of abelian functions generated by (pi{u), . . . , fniu). Then 

is a simple algebraic extension of C{<fi{u), . . . ,(pn{u)) with primitive element 
(po{u). 

(ii) For each fixed v = b, the function (p{u + 6) is an element of JF, and is therefore 
a rational function of (po{u), ipi{u), . . . , ipn{u). 

(iii) For each fixed v = b, the function (f{u + 6) belongs to JF, and for each fixed 
u = a, the function (p{a + v) belongs to JF. Therefore (f{u + v) lies in JF (g) 
i.e., it is rational jom% in (po{u), (pi{u), . . . , (pn{u) and (po{v), ipi{v), . . . , ipn{v). 



There is a large literature on the question of proving that functions that are 
rational in each variable separately are also rational in those variables jointly; see, 
e.g., Jl], I, 1^, H among others. Siegel uses the argument expounded in the book of 
Bochner and Martin 0, pp. 199-203] (wherein further sources are cited), although he 
does not say so explicitly. 

Siegel proves (0) by a detailed analysis of the period matrix and the "Thetasatz" 



of Weierstrass and Riemann ||T6[, which affirms that every abelian function belonging 
to a given period matrix can be represented as a quotient of two (generalized) theta 
functions, to prove that ipo{u), fi{u), . . . , </?„(■«) satisfy a polynomial equation 

P[(poiu), (pi{u),..., (Pniu)] = 0, 

where P{xo, Xi, . . . , x„) ^ is a polynomial with constant coefficients such that 
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I. its degree q in xq does not depend on (/jq, but is uniquely determined by 

II. its degree r in (xi, . . . , x„) does not depend on u. 

Therefore any yjo whose degree in P is maximal will be a primitive element for T. 
In our case, we define T directly as 

JF := C(xi, . . . ,x„)(6'), 

and try to adapt Siegel's reasoning to our situation. Thus, step (|) for us is trivial, 
since it's true by definition. 

Step @) is trivial for Siegel, since if (p{u) is an abelian function so is ip{u + h), 
because it belongs to the same period matrix and is also meromorphic. However, 
step (|ijD is not trivial for us. We prove it in two stages: 

(a) For each fixed v = b, the function ip{u + b) lies in a finite algebraic extension 
of C{(pi{u), . . . , ipn{u)) whose degree does not depend on b. 

(b) The degree of this extension is one, and therefore (p{u + b) lies in JF. 

The assertion (a) is an immediate consequence of the AAT, while for (b) it suffices to 
prove: 

(b') The function ip{u + b) is uniquely determined by {9{u), ipi{u), . . . , that 
is, given any (n + l)-tuple {9;xi,..., x„) G A, any -u G C" such that 

9{u) = 9; V9i(n) = xi, (pn{u) = Xn 

will give the same numerical value of (p{u + b) . 

Our proof of (b') uses our explicit construction of the primitive element 9, the sepa- 
rability of the minimal polynomial V{9; Xi, . . . , x„) of the extension : C(xi, . . . , x„), 
of which 9 and all its conjugates are the roots, and the sufficient condition. Theo- 
rem |Ty, for the periodicity of $. 

Step ([nil) is not trivial for Siegel nor for us. But the fundamental lemma which 
he proves, on the basis of properties (I) and (II) of his polynomial P{xo, . . . , a;„), are 
trivial for us and our polynomial V{9; Xi, . . . , x^). To make the argument work, Siegel 
proves the following lemma. 

Lemma 1. For each k = 0,1, . . . , h, there exists an algebraic relation between 

9k ■.= ipiu + v)9''-'' 

and Xi, . . . ,Xn, whose total degree does not exceed a bound r independent of v. 
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Proof. (We have altered Siegel's notation of to conform with ours.) Siegel proves 



this lemma by appealing to the "Thetasatz" of Weierstrass and Riemann [T^ , which 
affirms that every abelian function belonging to a given period matrix can be repre- 
sented as a quotient of two (generalized) theta functions. 

But this claim is trivial from our point of view, since the degree of the AAT 
for (p{u + v) does not depend on v, nor does the degree of the field polynomial 
V{9] xi, . . . ,Xn) defining the algebraic extension JF. The degree of V in any of its 
(n + 1) variables does not depend on v. But the polynomial over C(a;i, . . . , x„) whose 
roots are the 6k is obtainable from the coefficients of the polynomial giving the AAT 
for (f{u) and the polynomial V{6; Xi, . . . , Xn) by means of a finite number of rational 
operations, as given in the theory of elimination. Therefore, the total degree will be 
bounded by an integer r which does not depend on v. □ 

Once we get past that step, Siegel's proof carries over word for word, and we are 
done. 

Proof of Theorem El. The proof consists in verifying the following four lemmas. □ 



Lemma 2. For each fixed v = b, the function ipk{u + b) is an element of a finite 
algebraic extension of J-", for k = 1, . . . ,n. 

Proof. The AAT for ipk{u + v) is of the form (|2.1|) , where Gfc(A; x, y) is a polynomial 
with constant coefficients, not all zero, in the (2n+l) variables A, xi, . . . , Xn, yi, . . . , yn- 
Taking v = b gives 

Gk[Mu + by,^u),^b)] = o, 

and this is a polynomial whose coefficients are rational functions of <fi{u), . . . , ipn{u) 
and whose roots are the values of ipk{u + b). That is, they lie in a finite extension 
field of C(a;i, . . . , a;„) and thus of C(6'; xi, . . . , x„) also. □ 



Lemma 3. Each value of the primitive element 9 of T uniquely determines the 
values of the first-order partial derivatives d(fk/dup{u) , for k,p = 1, . . . ,n. 

Proof. By definition. 




for suitable a^p £ C. As each of the partial derivatives dipk/ dup{u) independently 
runs over all its respective conjugate values, the function 6 takes on all of its h distinct 
values as the distinct roots of the minimal polynomial 

V{e-Xi,...,Xn) = Q. (6.1) 

Thus, each choice of n? values of dipkl dup{u) gives a unique and each gives a 
unique set of partial derivatives. □ 
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Lemma 4. Each {n + l)-tuple {6 ) G where A is the addition theorem 

variety, uniquely determines the value of (fk{u + b). 

Proof. Fix a particular point {9;xi, . . . ,Xn) € A. The the n numbers Xi,...,Xn 
determine a solution set U of the equations 

99i(n) = xi, . . . , V5„(n) = (6.2) 

that is, U = { u G C" : = x}. Let |f/| denote the cardinality of U, and write 

e ■.= {e{u) : n G f/}. 

We consider three possibilities. Firstly, if \U\ is less than the degree h in 6 of the 
polynomial V in (|6.1| ), then |G| < /i, so there are fewer than h values 6, which is 
impossible. 

Secondly, if |f/| = h, then one value of 6 corresponds to one value of u and 
vice versa, so that n is uniquely determined, and therefore ipk{u + b) is uniquely 
determined, since ipk is single-valued. 

Lastly, a \U\ > h, then |0| > /i, so that more than h values of 6 satisfy the field 
equation ( |6.1| ), of degree h in the theta variable. Therefore, 0{u) takes on the same 
value at two distinct members u = ai,a2 G U. Now $'(ai) = $'(02) on account of 
Lemma ^ and $(0,1) = $(02) also by assumption ( |6.2| ). By Theorem $(w) is 
periodic with period p = ai — 02. Hence (pk{o,i + b) = ipk{a,2 + b) for any b. The 
conclusion is that ipk{ui + b) = {pk{u2 + b) whenever ui, U2 E U satisfy 9{ui) = 0{u2), 
so that in this case also, (pk{u + b) is uniquely determined. □ 

Lemma 5. For each fixed v = b, the function ipk{u + b) is an element of the field T . 

Proof. By Lemma |^, (pk{u + b) lies in an extension field of JF, and by Lemma ^ 
(pk{u + b) is a single-valued algebraic function of {9;xi, . . . which means that 
the degree of the polynomial defining (pk{u + b) in an extension field of JF is of degree 
one, that is to say, (pk{u + b) lies in JF itself. □ 



7 The group law 

Our point of view leads to a very explicit form of the group law on the addition 
theorem variety A in terms of the functions and their first derivatives. This explicit 
form has not been cited in the literature, much less proved, for the case of > 1 
variables. Of course, it is a well-known theorem of Liouville in the case n = 1 of 
elliptic functions. Our development shows that our form of the group law is the 
"natural" one that springs organically from the explicit polynomials of the AAT. 
The converse is also true. That is, we have proved that if $ admits an AAT, then 



it determines an algebraic variety with an abelian group law. Picard ||Tl| proved that 
if an algebraic variety has a transitive group law defined on it, then the variety can 
be parametrized by abelian functions, and it is well known that they have an AAT. 
Moreover, if the group is not transitive, then the variety can be parametrized by 
singular abelian functions, and they in turn can be proved to admit an AAT (see 
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Section |]). This last result is the crowning achievement of half a century of effort, 
starting with the memoir of Painleve ^ and culminating in the work of Severi |]12 . 



Lemma 6. If (f{u) belongs to T , so also does (p{—u). 

Proof. Apply the AAT of $(u + v) to <^{u - u): 

G4v'fc(0);$H,$(-it)] =0, fc = l,...,n, 

which can be reexpressed as 

Dk[(pi{u),...,Lpn{u)](pi{-u),...,Lpn{-u)] = Q, k = l,...,n, (7.1) 

for some polynomial Dk{xi, . . . , Xn', yi, . . . , Un) ^ 0. (Note that if Dk were to vanish 
identically, we could use instead u = ui + b, v = —Ui — b for a suitable value of h.) 
If we eliminate, say, ip2{,—u), . . . , </?„(— it) from ( |7. 1| ) , we obtain 

Ei[ipi{-u)](pi{u), . . . ,v9„(n)] = 0, 

which means that ipi{—u) is algebraically dependent on V5i('u), . . . , ipn{u). The same 
holds for (y92(— It), • • • , ^n{—u). Thus $(— w) admits an AAT wherein the coefficients 
of the powers of ipk{—u + v) are rational functions of $(-«) and $(f). The reasoning 
we used for the rational addition theorem now shows that ^{—u + v) lies in T for 
each fixed v. In particular, ip[—u) lies in T. □ 

Corollary 1 (Subtraction theorem). ip]^{u — v) lies in T ® . □ 

Proof of Theorem |^. We define the operation of addition on the addition theorem 
variety A as follows. If 

Pi:= {e{u)]ifi{u),...,Lpn{u)) and P2 := {B{v)]ifi{v), . . . ,Lpn{v)), 

then 

Pi © P2 := {0{u + v)- (pi(u + v), . . . , ¥P„(n + «)), 
and we define subtraction by 

Pi e P2 := {0{u -v);(pi{u-v),..., Lpn{,u - v)). 

This evidently defines an abelian group on A with identity (6'(0); V5i(0), . . . , ^9^(0)). 
In fact, for each fixed the rational addition theorem. Theorem ^ yields a birational 
regular mapping of A onto itself, and therefore we obtain a group of birational regular 
mappings of the addition theorem variety onto itself. □ 
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8 Proper and singular abelian functions 



We can reformulate Theorem |^ as follows: 

A meromorphic mapping $ that admits an algebraic addition theorem is 
either (1) a rational mapping, or (2) a periodic mapping. 

Definition 4. If $: C" C" is periodic, and if each component function Lpk of 
$ = . . . , ifn) has TTfc pcriods, then 

(a) If TTfc = 2n for all fc, then $ is a proper abelian mapping. 

(b) If VTfe < 2n for at least one k, then $ is a singular abelian mapping. 

The component ifk is called a proper or singular abelian function, according as T^k = 
2n or VTfe < 2n. 

There is no standard terminology about the case vr^ < 2n. Here is a list of terms 
used by various authors: 

Weierstrass Degenerate abelian function; 

Painleve Degenerate abelian function; 

Cousin Semirational abelian function [^; 

Severi Quasi-abelian function; 

Siegel Singular abelian function. 

The term "degenerate" is a good one since such functions arise when the faces of the 
period parallelotope of a proper abelian function are translated to infinity (this last 
fact is quite difficult to prove). However, the term degenerate is used nowadays for 
meromorphic functions whose period group group is not a lattice, something quite 
different from its meaning for Weierstrass. We have chosen Siegel's term "singular" 
as expressing the same property. 

Note that $ is proper if and only if all its component functions are proper. $ is 
singular if and only if two conditions hold: 

(i) TTk < 2n for some /c; 

(ii) $ admits an AAT. 

Our proof of Theorem ^ is based on a famous result that has fascinated mathe- 
maticians for more than a century, namely the Weierstrass-Thimm-Siegel theorem 
on algebraic dependence. 

Theorem 11 (Weierstrass-Thimm-Siegel). Let (pi, . . . ,(fk be meromorphic functions 
on a compact complex space X . Then they are algebraically dependent if 

(i) they are analytically dependent; or if 

(ii) k = n + 1 and X has dimension n; or if 
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(in) X is irreducible and ipi, . . . ,ipk ore analytically dependent on a nonempty open 
subset of X . 



The main result is (|i|), while and (^) are corollaries. Weierstrass announced 
(0) for the case that (pi, . . . , ipn+i are abelian functions belonging to the period par- 



allelotope X although he never published a complete proof. The first complete 
proof of (I) was given by Thimm in his Konigsberg thesis in 1939, and then Siegel 
gave two proofs, in 1948 |T^ and 1955 |TB|. Thimm's historical review is an excel- 



lent source on the origins and proofs of this theorem. Suffice it to say that nowadays 
the proof is so elementary that it has appeared in standard textbooks [|T3], P^ . 



This wonderful theorem makes the proof of Theorem ^ for the case of proper 
abelian mappings almost trivial, and has nothing with the explicit analytical form of 
the functions ipk- 

The case that $ is a singular abelian mapping presents significant difficulties not 
found in the case of proper mappings. The problem is that in the latter case, the 
period parallelotope is a compact complex manifold, while there is no obvious compact 
counterpart for the singular mappings. Even in the case n = 1, the function e*^™" is 
simply periodic and indeed entire on C, but it does not admit an AAT; its domain of 
definition is a noncompact period strip instead of a period parallelogram. 

If n = 1, the singular elliptic functions turn out to be 

(i) rational functions of u; and 

(ii) rational functions of e"", for a G C. 

If n = 2, the singular abelian functions turn out to be 

(i) rational functions of (fi = Ui and if2 = U2', 

(ii) rational functions of (fi = ui and (p2 = e"^; 

(iii) rational functions of (fi = e"^ and !f2 = e'*^; 

(iv) rational functions of ipi = p{ui) and {p2 = U2 — e({ui)] 

(v) rational functions of ipi = p{ui) and (p2 = e"^ o"(ui — a)/cr(ui); 

where e = or 1, ({ui) is the Weierstrass (^-function, a is arbitrary and a{ui) is 
the Weierstrass cr-function. That these are singular abelian functions is easy to see; 
Painleve's great achievement was to prove that there are no others. 
As an example, consider case (0) with e = 1. Here 

V?l(Ui, U2) = p{Ui), ^P2{Ul, U2) =U2- C{Ui). 

It is a standard result that C(^i) is quasiperiodic, that is, if 2lji and 2lj2 are the 
periods of p{ui), then 

C(mi + 2ui) = C(mi) + 27]i, C(mi + 2uj2) = C(mi) + 2772, 
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where rji := C(^i)i V2 '■= ({^2)- Therefore 



ip2{ui+2ui,U2 + 2r]i) = U2 + 2r]i-({ui + 2uJi) = U2 + 2r]i - [({ui)+2rii] = (p2{ui,U2), 

and similarly ip2{ui + 2u!2, U2 + 2772) = ^2(^1, M2). This means that 

pi := {2uJi,2r]i) and p2 := {2uj2,2r]2) 

are the two periods of the singular mapping $ = {ipi, ip2). 

We are left with the problem of characterizing the singular abelian mappings 
intrinsically, so as to be able to prove Theorem |^. The cases n = 1 and n = 2 
show that such functions can be regarded as rational functions of a mobile point 
{xi, . . . ,Xp,yi, . . . ,yg) on the cartesian product 

where n = p + q, Ap is a Picard variety of dimension p defined by the equation 

V{9;xi, ...,Xp)=0, 

and {yi, . . . , yq) are the coordinates of a point of C^. We shall define a singular abelian 
function of n complex variables to be such a rational function. Note that this is the 
definition that Severi uses in his great memoir |T2| . 

Proof of Theorem |^. Case 1: suppose that $ is a proper abelian mapping. Then 
(/3jfc(u + v), for each k = l,...,n, is a meromorphic function defined on the 2n- 
dimensional compact complex manifold X x X where X is the period parallelotope 
for $. By Theorem 0, 

being {2n + 1) meromorphic functions on the 2?T,-dimensional compact complex mani- 
fold X X X, are algebraically dependent; that is to say, the mapping $ admits an AAT. 

Case 2: $ is a singular abelian mapping. Now ipk{u + v), for each k = 1, . . . ,n, 
is a meromorphic function defined on the 2n-dimensional compact complex manifold 
{Ap X C"^) X [Ap X C"^), where Ap is a Picard variety and p + q = n. Thus the 
functions (|8.1|) are again algebraically dependent, by the Weierstrass-Thimm-Siegel 
theorem. □ 
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